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ABSTRACT

The paper pertains to the pseudo-static seismic stability analysis for finding the bearing capacity of
embedded strip footings subjected to both horizontal and vertical earthquake forces using upper bound limit
theorem assuming single-sided Prandtl-like failure mechanism. The least upper bound value is found using
optimization technique. Results are obtained by developing a MATLAB computer code, which is validated
by comparing the results with similar solutions available in literature. The comparison shows that the
obtained results for surface footings agree well with the available solutions. Bearing capacity is observed to
increase with embedment ratio; for a given embedment ratio, it decreases with increasing seismic
acceleration coefficient. These are in tune with the expected results.

INTRODUCTION

Bearing capacity of foundations is one of the most interesting and widely studied topics in
geotechnical engineering. Unreinforced footings are used commonly as foundations for different structures,
provided it suffices the bearing capacity requirements. For unreinforced soils several studies have been
conducted in the past for the estimation of bearing capacity of strip footings, beginning with Prandtl (1921),
Terzaghi (1943), Meyerhof (1951) and so on. Different approaches such as, limit equilibrium method, limit
analysis and method of characteristics etc. have been used for such analyses.

Limit analysis is being increasingly used for analysis of various stability problems in geotechnical
engineering. Limit theorems proposed by Drucker, Prager and Lundgren (1953) facilitate to obtain the upper
as well as lower bound values of the exact solution, which bracket the true collapse load. Here upper bound
approach is made use of to evaluate the upper bound solution for bearing capacity of strip footings. Bearing
capacity of shallow surface strip footings resting on unreinforced foundation beds has been extensively
studied using this approach for static as well as seismic cases (Chen (1975), Michalowski (1997), Soubra
(1999), etc). In this paper, upper bound limit analysis has been used to find the bearing capacity of footings,
surface as well as shallow embedded strip footings, considering the seismic effects.
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Bearing capacity embedded strip footing with width and depth of embedment as Bf and Df respectively
is considered. Application of larger loads on the footing may lead to bearing capacity failure of soil below.
The bearing capacity failure is considered to be taking place along an assumed failure surface. In the present
analysis, a single-sided Prandtl-like failure mechanism is assumed as shown in figure 1. The mechanism
consists of three zones - a triangular active wedge, a log-spiral radial shear zone and a triangular passive
wedge. The effect of earthquake forces has been considered using the pseudo-static approach of analysis.

Figure 1. Failure mechanism

The following assumptions are made in analysing the problem:
 The soil is homogenous and isotropic
 Loading is uniform and vertical.
 Ground surface is horizontal.
 Footing is rigid and has rough base.
 Soil is an elastic-perfectly plastic material.
 Plane strain condition is satisfied.
 Pseudo-static analysis is valid.
 Shear strength of the soil is governed by Mohr-Coulomb failure criterion.
 Shear strength parameters are not affected by earthquake forces.

Bearing Let Q be the total ultimate load acting on the footing. The failure mechanism consists three
zones - a triangular active zone beneath the footing (ABC), a logarithmic spiral radial shear zone (BCD) and
a passive triangular wedge (BDE). Let  BAC = α1,  ABC = α2,  DBE = α3,  FEB = β1. Let the total
central angle of the logarithmic zone,  CBD=θ. The logarithmic zone, BCD is assumed to be divided into n
triangular sectors, each having a central angle of θ/n. Let BC= r0, BD= rn. Then by the property of
logarithmic spiral, rn=r0*eθtanφ. DE and AC are assumed to be tangential to the spiral.

Figure 2. Velocity hodograph
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Let V0 be the velocity of wedge ABC, and V1 to Vn are respectively the velocities of each triangular

wedge inside BCD and Vn+1 that of BDE. V10, V21, ......., Vn+1,n are the relative velocities of (i+1)th space
block with respect to ith block (i=0,1,2,...,n) along the interface of two adjacent triangular blocks in log spiral
zone.

All these velocities are inclined at an angle φ to the corresponding velocity discontinuities. The
velocity hodograph is illustrated in figure 2. Pseudo - static approach is used to account for the seismic
forces. In this approach, the earthquake forces are represented by equivalent static forces equal to the product
of seismic coefficients and weight of each block.

Let kh and kv be the seismic acceleration coefficients in the horizontal and vertical directions
respectively. Direction of kh is taken from left to right towards the direction of soil block within the failure
surface. Direction of kv can be taken either upward or downward, in general. Here kv is assumed in upward
direction since that is the critical case.

These seismic accelerations produce inertia forces, khW and kvW in the soil mass and its effect on
external load is taken care by considering the net vertical load on footing as (1- kv) Q and base shear khQ
along the foundation base. Let W0 is the weight of wedge ABC, Wi is the weight of each triangular block in
log spiral zone and Wn+1 is that of the wedge BDE and BEF. Inertia force acting due to the effect of seismic
force in each block is khW horizontally and kvW vertically, where W is the weight of the corresponding
block. These inertia forces are assumed to act at the centroid of each block. Thus, the net force acting in each
block is khW horizontally and (1- kv) W vertically downwards.

Upper bound limit analysis is done by equating external work done and internal work done to find the
ultimate load. The external work done (EWD) and the internal work done (IWD) are estimated as follows.
External work done is computed as the product of force and velocity component in the direction of force.
Internal work done is the energy dissipated internally, which is the product of cohesion, length of
discontinuity and velocity component along the discontinuity, along all velocity discontinuities.
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should Equating total external work done and total internal work done, we can find Q and hence the
bearing capacity, qu=Q/B. Among the various possible solutions obtained by using different values of the
parameters, the least upper bound value is the best solution. Hence the objective function (bearing capacity)
is optimized with respect to the geometrical parameters of the failure mechanism and the optimal value,
which is the least possible bearing capacity, is obtained. The design vector (D) with respect to which the
objective function is being optimized is:
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Equations Ultimate load, Q and hence the bearing capacity, qu is a function of D i.e., qu = f(D).
Minimizing qu = f(D), subjected to constraints of design parameters gives the upper bound solution. The
optimization is done by using the „fmincon‟ function of the optimization toolbox of MATLAB 8.1, which
helps in constrained non linear optimization of the objective function.Constraints used in optimization are as
follows :



4 International Institute of Earthquake Engineering and Seismology (IIEES)

SEE 7
 α2+ θ+ α3 = 180, for Df=0; α2+ θ+ α3 <270 and α2+ θ+ α3 >180, for Df ≠0, this is to

ensure that mechanism is physically feasible.
 α1+ α2=(90+φ), based on properties of logspiral curve
 α1+α2<180, to satisfy the property of triangle, i.e., sum of interior angles in a triangle (ABC) is 180o

 α3 < (90- φ), to satisfy the property of triangle, i.e., sum of interior angles in a triangle (BDE) is 180o

 α1 > φ, since if α1 ≤ φ, V0 becomes horizontal or inclined above horizontal which is not possible.
 5 ≤ α1 ≤ 85 - (φ/2); 5 ≤ α2 ≤ 85; 5< θ <180; 5 ≤ α3 ≤ 85. These are given based on the
 physical feasibility of failure mechanism geometry. If these constraints are not placed, during the

optimization process the design parameters may have values, which make the failure mechanism
physically untenable. The upper and lower bound on the variables has been placed based on
experience gained while doing the computations.

 α2+ θ+ α3 -180 – sin-1(Df/(BE)) =0. This is to make the β1 angle consistent with both optimised angles
and footing depth parameter.

Thus, a generalized formulation for the bearing capacity of embedded strip footings subjected to
seismic forces has been devised using upper bound limit analysis and corresponding computer code is
developed in MATLAB.

publications should be separated by a comma. Conference and journal titles should be written in italic,
book, thesis and reports should be given underlined. Point should not be used within References.

RESULTS AND DISCUSSION

VALIDATION OF THE DEVELOPED METHOD

The results as obtained for unreinforced surface footing case, for both static and seismic conditions
have been compared with the results available in literature so as to ensure the correctness of the developed
approach. Convergence studies are conducted to determine the number of sectors required in log-spiral zone
so that the bearing capacity values remain unaffected, Figures 3 shows that beyond 100 elements in the radial
shear zone, the solution is not affected much. Therefore, all the results hereafter are obtained with 100
elements in the log spiral zone.

Figure 3. Schematic Convergence of solution (φ=20)

Equations Bearing capacity of unreinforced surface footings under static case is considered for
comparison with the corresponding solutions obtained by Chen (1975). Comparison of dimensionless
bearing capacity factors Nc, Nq, Nγ values obtained from present analysis for unreinforced surface footing
with that obtained by Chen (1975) are shown in the tables 1, 2 and 3 and comparison of Nγ values with other
various available results is shown in tables 4 and 5. From tables 1, 2 and 3 it is seen that the Nq values as
predicted by Chen (1975) are very close to the present solution matching excellently well with each other
where as the Nc Values differ from the present solution ranging from abour 0.2% to about 7.4% (when the
soil friction angle is 40o).
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Table 1. Comparison of Nc values (unreinforced surface footing)

Percentage
error (%)

Nc (Chen, 1975)Nc (present values)Soil friction angle, φNo.

-.018685.145.149601

0.35108.3478.3177102

1.795114.8414.5736203

4.139630.1528.9019304

7.354575.3469.7991405

Table 2. Comparison of Nq values (unreinforced surface footing)

Percentage
error (%)

Nq (Chen, 1975)Nq (present values)Soil friction angle, φNo.

0.00001101

0.02551.5681.5676102

0.05662.4722.4706203

0.18286.4016.3893304

0.449818.4118.3272405

Table 3. Comparison of Nγ values (unreinforced surface footing)

Percentage
error (%)

Nγ (Chen, 1975)Nγ (present values)Soil friction angle, φNo.

0.00000001

30.81150.3820.264352

20.60341.160.921103

14.89382.732.3234154

10.88765.875.2309205

8.309712.411.3696256

6.688826.724.9141307

5.529960.256.871358

5.0405147139.5905409

However, it is a bit surprising that the Nγ values obtained from the present solution differ by large
amounts for lower values of soil friction angle in comparison to higher values of soil friction angles. But on
the whole the absolute values are close enough to consider the solutions to be acceptable with the possible
margin of errors due to the assumptions involved and the assumed mechanism of failure.

Table 4. Comparison of Nγ values with different results in literature (limit analysis)

Khatri
(2008)

UB

Khatri
(2008)

LB

Hjiaj
(2005)

LB

Soubra
(1999)

UB

Michalowski
(1997)

UB

Ukritchon
et.al. (2003)

UB

Ukritchon
et.al. (2003)

LB

Nγ (present
values)

UB

Soil friction
angle, φNo.

0.130.110.12-0.1810.120.110.264351

0.480.40.43-0.7060.470.410.921102

1.321.091.181.951.9381.311.132.3234153

3.162.652.824.494.4683.272.675.2309204

7.266.026.439.819.7657.525.9511.3696255

16.5413.6514.5721.5121.39417.413.224.9141306

38.9631.933.954948.68142.429.356.871357

98.5377.8883.33119.84118.827111.169.9139.5905408
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Table 5. Comparison of Nγ values with different results in literature

Booker
(1969)
stress

characteristics

Vesic
(1973)
Limit

equilibrium

Terzaghi
(1943)
Limit

equilibrium

Meyerhof
(1963)
Semi

empirical

Bolton and
Lau ( 1993)

stress
characteristics

Nγ
(present
values)

UB

Soil
friction
angle, φNo.

-0.450.1-0.620.264351

0.461.220.7-1.710.921102

1.152.652-3.172.3234153

2.895.394.82.875.975.2309204

6.6310.99.86.7711.611.3696255

1522.42015.723.624.9141306

35.8484337.25156.871357

83.8109-93.7121139.5905408

All Comparison of the results presented in Tables 4 and 5 shows that the solutions differs from each
other greatly and it is difficult to draw any definite conclusions regarding which one is more correct. But the
results presented in Table 5 show that the present solutions are closer to those of Bolton and Lau (1993) and
Vesic (1973) obtained by using method of stress characteristics and limit equilibrium.

Figure 4 show comparisons of present results obtained for seismic case with those available in
literature and it can be seen that the present solutions have a reasonably good agreement with the available
results. Thus it is seen that the results obtained from the present analysis are in good agreement with the
known solutions for unreinforced surface footing case ensuring the validity of the developed computer code
establishing it to be correct.

Figure 4. Comparison of seismic bearing capacity factor Nγe with available solutions

EFFECT OF EMBEDMENT

The increase in bearing capacity due to embedment and the effect of seismic forces on the bearing
capacity of unreinforced embedded footing is studied. Figures 5(a,b,c) show the variation of non-
dimensional bearing capacity, qu/γBf with soil friction angle, φ for different values of horizontal seismic
coefficient, kh and for different embedment ratios.

It can be seen from figure 5(a) that for surface footings, the non-dimensional bearing capacity (qu/γBf)
increases with the increase in the value of the friction angle φ. For a given φ as kh increases the bearing
capacity decreases. The rate of decrease is more pronounced for higher φ-values. Similar trend of behaviour
is also observed for embedded footings with Df/Bf ratio varying from 0.5 to 3, which is shown in figures
5(a,b).

Figure 6 highlights the effect of the embedment ratio on qu/γBf. From the figure, it is seen that with
increase in Df/Bf ratio, qu/γBf increases for the same kh and φ value, and with increase in kh, bearing capacity
decreases for the same embedment ratio.
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(a)                                                                                     ( b)

(c)

Figure 5. Variation of bearing capacity with soil friction angle, φ for various kh (Df/Bf: a=0 , b=0.5 , c=3)

Figure 6. Variation of bearing capacity with embedment ratio for various kh (φ=30)

CONCLUSIONS

An analysis method for bearing capacity of embedded strip footings has been devised using upper
bound approach of limit analysis; computer code is developed for the same and validated with available
results in literature. Validation of results is done for the unreinforced surface footing case. The results
obtained for the static as well as seismic case of unreinforced surface footing agrees well with the available
results.

Unreinforced bearing capacity is observed to increase with embedment ratio; for a given embedment
ratio, it decreases with increasing seismic acceleration coefficient. Both the above observations are in tune
with the general expectation. The quantitative values can be read from the graphs for use in designs.
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