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Abstract:
In this paper, we carry over the concept of the spatial prediction of intrinsic processes

from the Euclidean space to the sphere, where low-frequency truncated harmonics replace
derivative-based penalty. In addition a systematic study is made of the properties of an
spherical kriging. This permits a more flexible interpolation and smoothing of intrinsic
processes in the sphere. Finally the smoothing and interpolation issues on the sphere are
considered by a simulation study.
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1 Introduction

Demand for the smoothing and interpolation of spherical data is increasing. The earliest
idea of spline interpolation on the circle and sphere is given by Wahba (1981). Gneiting
et al. (2013) provide a comprehensive treatment of covariance functions on spheres. Mar-
dia et al. (1996) gives a treatment of the circular case from the intrinsic process point of
view. In this paper, we carry over the concept of the spatial prediction of intrinsic pro-
cesses from the Euclidean space to the sphere, where low-frequency truncated harmonics
replace derivative-based penalty. In addition a systematic study is made of the proper-
ties of an spherical kriging. This permits a more flexible interpolation and smoothing of
intrinsic processes in the sphere. Finally the smoothing and interpolation issues on the
sphere are considered by a simulation study.
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2 Intrinsic prediction on the sphere

One way to relax stationary assumption of spatial stochastic processes is introducing
intrinsic process (Matheron, 1973). Most developments of intrinsic process have been
in Euclidean spaces . In this paper we extend the notion of intrinsic process to sphere.
Intrinsic processes on the circle and sphere are developed by Huang et al. (2019).

Consider an intrinsic stochastic process X(ξ) on the sphere in which for any increment,
the corresponding linear combination of X(·) values has mean and variance
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On the unite sphere, S2, X(·) can be expanded in spherical harmonics which are convergent
in quadratic mean; P1(X(·)) = ∑∞

k=ν
∑k
j=−k ak,jY

k
j (·) where P1 annihilates all harmonics

with order less than ν, akj =
∫
S2 f(ξ)Y k

j (ξ)dξ, the real-value harmonic {Y k
j }k,∞j=−k,k=0 of

order k are defined as

Y k
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, j ̸= 0√
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4π
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and Pk, k = 0, 1, 2, . . ., are the Legendre polynomials and P j
k are the associated Legendre

polynomials of the jth order.
The conditionally positive definite (c.p.d) covariance is given by

kI1(ξ, η) =
∞∑
k=ν

2k + 1
4π

[k(k + 1)]−mPk(cos γ(ξ, η)). (2.1)

Suppose Yi = X(ξi) + εi, i = 1, 2, . . . , n where εi
iid∼ N(0, λ) are independent of X(·).

Then kriging predictor X̂(ξ) can be expressed in the form

X̂(ξ) = τ(ξ)⊤By + ϕ(ξ)⊤A⊤y,

where y = (y1, . . . , yn) are the data vector, τ(ξ)⊤ = (kI1(ξ, ξ1), . . . , kI1(ξ, ξn)), ϕ(ξ)⊤ =
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(Y 1
0 (ξ), . . . , Y ν−1

dν
(ξ)) and B = [QKλQ]−, A = (I − BKλ)U(U⊤U)−1, Q = In −

U(U⊤U)−1U⊤, Kλ = K + λI, K = (kI1(ξi, ξj))ni,j=1, I is the identity matrix and U =
(Y k

j (ξi))n,dk,ν−1
i=1,j=1,k=0 and [·]− denotes the Moore-Penrose generalized inverse.

Note that intrinsic process are associated with low-frequency truncated harmonics
where ν is order of intrinsic process and when ν = 1, universal kriging (Chiles and
Delfiner, 2012) reduces to ordinary kriging.

3 Simulation Study

In this section we simulate a Gaussian intrinsic process on the sphere with c.p.d covariance
function (2.1) with ν = 3 and n = 1000. Locations are randomly selected on the sphere.
Figure 1 displays the simulated data for intrinsic process of order 3. Non stationary
property of the process is clear in the figure. 90% of data were randomly selected as
training dataset and the other 10% were used as testing dataset. Intrinsic universal
kriging of order 3 are used to predict at the testing locations. Parameters are estimated
with least squares approach. The actual values in the testing dataset were compared
with predicted values by calculating the root mean square error (RMSE). Our simulation
results show that the RMSE of the intrinsic universal kriging of order 3 is 0.07 which is
decreased substantially with respect to ordinary kriging’s one which is 47.
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Figure 1: Simulated spherical intrinsic process of order 3.
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